We propose the notion of globalization for geometric partial comodules in a monoidal category and show its existence in many cases of interest, such as partial actions of monoids on sets, geometric partial coactions in abelian categories and partial comodule algebras. Our results subsume several globalization theorems appearing in literature.
Introduction
The notion of a partial group action appeared in [17] within the theory of operator algebras as an approach to C * -algebras generated by partial isometries, permitting, in particular, the study of their K-theory, ideal structure and representations. The point of view of crossed products by partial actions of groups was enormously successful for classifying C * -algebras. However, soon the study of partial actions and representations became an independent topic of interest in algebra and ring theory and nowadays many important results are formulated in purely algebraic terms (for further details, see the surveys [9, 13] and the references therein). For example, J. Kellendonk and M. Lawson [19] detected the relevance of partial actions for several other areas: the Ribes-Zalesskiȋ property of groups, model theory, tilings, R-trees and group presentations. They also pointed out a simple but a very illustrative example: the Möbius group acts globally on the Riemann sphere but only partially on the complex plane. Furthermore, the theory of partial actions of groups naturally led to an extension of classical Galois theory [16] , which in turn was generalized in [11] to a partial Galois theory for non-commutative rings. Inspired by the formulation of Galois theory in terms of Hopf algebra (co)actions rather than group actions, this subsequently led to the notion of partial (co)actions of Hopf algebras [12] . Since then, many results on partial actions of groups have shown to posses Hopf algebraic counterparts, which, in turn, have inspired further developments in partial group actions.
One of the central questions in the study of partial actions is the problem of the existence and uniqueness of a globalization (also called an enveloping action). Any action of a group on a set induces a partial action of the group on any subset by restriction (see Example 2.8 below). Broadly speaking, the idea behind the concept of globalization of a given partial action, is to find a (minimal) global action, such that the initial partial action can be realized as the restriction of this global one. The study of this problem begun in the context of partial actions of groups on topological spaces in [1] and, independently, [19] , where they proved that, up to isomorphism, each partial action can be globalized (see also [20] ). For a partial action of a group on an associative algebra the question of existence of a globalization was first considered in [14] : if the algebra is unital, then a criterion for the globalizability was given in [14, Theorem 4.5] . This criterion was generalized to socalled left s-unital rings and it was also used to prove that a partial action on a semiprime ring is globalizable. In [15] the globalization for twisted partial actions was obtained. One of the key features of this construction is that it enabled further developments. For instance, the Galois theory for partial group actions, introduced in [16] , strongly relies on the globalization theorem.
In the theory of partial (co)actions of Hopf algebras, one of the first results obtained was exactly that every partial action of a Hopf algebra on a unital algebra admits a suitable globalization [3, 4] , which however is not necessarily unital. In this framework as well the globalization theorem triggered several new results. For example in [4] the authors obtained a version of Blattner-Montgomery theorem for the case of partial actions. Similar globalization theorems were also obtained in other contexts such as partial actions of Hopf algebras on k-linear categories [2] , twisted partial actions of Hopf algebras [6] , partial modules over a Hopf algebra [8] .
However, in each of the previous situations there is an ad hoc construction of the globalization, depending heavily on the nature of the objects upon which there is a partial action. It is our aim in this paper to propose a unified approach to globalization in a categorical setting, explaining several of the existing results and, at the same time, providing a genuine procedure to construct globalizations in concrete contexts of interest. Our approach relies on the notion of geometric partial comodule recently introduced in [18] .
Recall that coordinate algebras of algebraic groups provide classical examples of Hopf algebras, which in turn are the backbone of the algebraic approach to the representation theory of them: regular actions of algebraic groups on affine varieties correspond to coactions of the coordinate Hopf algebras on the corresponding coordinate rings. However, it turned out in [10] that a partial coaction in the sense of [12] of the coordinate Hopf algebra O(G) of an algebraic group G on the coordinate ring O(X) of an affine space X is always global, unless X is a disjoint union of non-empty subspaces. The notion of geometric partial comodules was proposed in [18] as an alternative definition of partial (co)actions of Hopf algebras to describe genuine (e.g. irreducible) partial actions of algebraic groups from a Hopf-algebraic point of view. At the same time, however, geometric partial comodules allow to approach, for example, partial actions of groups on sets, partial coactions of Hopf algebras on algebras, and partial actions of (not necessarily Hopf) algebras on vector spaces, as well. As a consequence, the natural question arises to study the existence and uniqueness of globalization for geometric partial comodules as a unifying way to deal with the question.
Concretely, after recalling the main features of the theory of geometric partial comodules over coalgebras in §2.1, we will discuss globalization in the greatest generality allowed by our approach in §2.2, where we will provide a general procedure (Proposition 2.11 and Theorem 2.13) to construct a universal global comodule "covering" any given geometric partial comodule in a monoidal category C with pullbacks and pushouts. This construction allows us to realize the category of all global comodules as a coreflexive subcategory of the category of geometric partial comodules in a natural way. In addition, we will prove that if a globalization exists, then it has to coincide (up to a unique isomorphism) with our construction (Proposition 2.15).
In view of the numerous globalization results existing in the literature and commented on above, it might come as a surprise that a globalization theorem in the full generality of geometric partial comodules in an arbitrary monoidal category C does not exist. Indeed, in Example 2.16 we show that there exists a geometric partial comodule in the category of commutative algebras over a field which does not allow a globalization. Despite the latter case, in many situations of interest globalizations indeed exist, allowing both to recover some existing results and to obtain new types of globalizations. This is in particular the case for ordinary partial action of groups on sets (C = Set op in §3.1), geometric partial coactions of coalgebra on objects in abelian monoidal categories (C abelian in §3.2) and partial coactions of Hopf algebras on algebras in the sense of [12] (C = Alg k in §3. 3) .
We believe that further investigations in this direction, by working with suitable geometric partial actions of algebras for instance, will allow to approach the globalization question in the majority of the contexts of current interest in the future.
2.
The globalization question for partial comodules 2.1. Partial comodules. Let (C, ⊗, k, a, l, r) be a monoidal category (possibly braided with braiding c, from time to time) with pushouts and such that the endofunctors X ⊗ −, − ⊗ X preserve pushouts for any object X. We will often implicitly assume the category to be strict (i.e. a, l, r being identities) and hence omit the constraint isomorphisms. Recall from [18] the following definition.
Recall that cospans in a category with pushouts form a bicategory. The same is true for those cospans admitting a leg which is an epimorphism, as in (1) . The composition is defined by means of the pushout of the adjacent maps, that is to say, the composition of the cospans
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Given two cospans (Y 1 , f 1 , π 1 ) and (Y 2 , f 2 , π 2 ) with same domain X 1 and same codomain X 2 , a morphism α :
Notice that, since π 1 is an epimorphism, if a morphism α as before exists, then it is unique and it is an epimorphism itself, because π 2 is an epimorphism as well. In order to increase the familiarity of the reader with the subject, we will often write simply f 1 to mean the cospan (Y 1 , f 1 , π 1 ) and interpret it as an arrow from X 1 to X 2 . In this way, the cospan (
is denoted as f 2 • f 1 . Notice also that any arrow f : X 1 → X 2 in C gives rise to a cospan
With these conventions, given two cospans (Y 1 , f 1 , π 1 ) and (Y 2 , f 2 , π 2 ) with same domain X 1 and same codomain X 2 , we write
Any partial comodule datum induces canonically five pushouts by composition, that we denote by X • k,
respectively. We will call Θ the coassociativity pushout. Definition 2.3. Let (H, ∆, ε) be a coalgebra in a monoidal category with pushouts C. A quasi partial comodule is a partial comodule datum (X, X • H, π X , ρ X ) that satisfies the following conditions (QPC1) (X ⊗ ε) • ρ X ∼ = Id X as cospans, that is to say, X • k ∼ = X and (X • ε) • ρ X = π X,ε • r −1 X : X → X • k are identical isomorphisms or, equivalently, the following diagram commutes
• ρ X or, equivalently, the following diagram commutes
A quasi partial comodule will be called a lax partial comodule when the cospan Θ X :
. Furthermore a lax partial comodule is called a geometric partial comodule if θ is an isomorphism.
If
A morphism of quasi, lax or geometric partial comodules is a morphism of the underlying partial comodule data. We denote by gPMod H , qPMod H , lPMod H and PCD H the categories of (respectively) geometric, quasi, lax partial comodules and of partial comodule data over H.
Remarks 2.4. (i) When assuming that C is a strict monoidal category, the counitality condition can be rephrased as the existence of a morphism X • ε : X • H → H which makes the following diagram commutative.
Indeed, it is obvious that if counitality holds then X is (up to isomorphism) the pushout of (π X , X ⊗ ε) and if we substitute it in diagram (5) then we find diagram (6) .
Conversely, assume that diagram (6) commutes and let
be the pushout of (π X , X ⊗ ε). We have that p 2 is an epimorphism because π X is. Moreover, by the universal property of the pushout, there exists a unique morphism q : X • k → X such that q • p 1 = X • ε and q • p 2 = Id X . The latter relation tells that p 2 is also a split monomorphism, whence an isomorphism and X • k ∼ = X in C. Henceforth, all partial comodule datum are implicitly assumed to be counital, that is, they satisfy (QPC1) or (6) . (ii) Remark that by uniqueness of colimits, the pushout Θ X = (Θ, θ 1 , θ 2 ) is unique up to isomorphism and hence is not part of the structure of a quasi partial comodule. Similarly, if Θ X is induced by a morphism θ, then this morphism is uniquely determined by its property π X•H = θ • π ′ X,∆ and it is an epimorphism since both π X•H and π ′ X,∆ are epimorphisms. Also, whenever there exists a morphism θ with this property, then Θ ∼ = (X • H) • H. (iii) We will often denote a (quasi) partial comodule by (X, π X , ρ X ) or just by X.
(iv) The notion of geometric partial comodule should not be confused with the notion of partial comodule as it appears in [5] , which is based on the notion partial corepresentation as the dual of the partial representations from [7] . The relation between the two notions is discussed in more detail in [5] .
The following observation is implicitly used in [18] , but we believe it is useful for what follows to state it explicitly here.
Proof. The proof is straightforward and it relies on repeatedly resorting to the universal property of pushouts.
Corollary 2.6. For every quasi partial comodule (X, X •H, ρ X , π X ), the following diagram
is a split equalizer and a coreflexive equalizer, in particular, it is an absolute equalizer.
Globalization for geometric partial comodules.
Intuitively speaking, as the globalization of a partial action of a group G on a set X is the smallest G-set containing X and such that the partial action is induced by restriction of the global action, we expect the globalization of a partial comodule X to be the "smallest" (better call it "universal") H-comodule "covering" X and such that the partial coaction is induced by the global one. Let us first recall what is meant by an induced partial coaction.
Definition 2.7. Let (Y, δ) be a global H-comodule and p : Y → X an epimorphism in C.
In [18] it has been shown that the pushout
inherits a structure of geometric partial comodule and p becomes a morphism of partial comodule data. We refer to this as the induced partial comodule structure from Y to X.
The motivation for the above construction comes from the following example.
for all g ∈ G, then {X g , α g } gives a partial action of G on X (compare with [9, Discussion after Example 2.5]). We say that this is the partial action induced from Y to X.
We can now define properly a notion of globalization for a partial comodule. Definition 2.9. Given a partial comodule (X, X • H, ρ X , π X ), a globalization for X is a global comodule (Y, δ) together with a morphism of partial comodule data p : Y → X such that (GL1) p is an epimorphism in C; (GL2) the corresponding diagram (8) is a pushout square; (GL3) it is universal among all global comodules admitting a partial comodule data morphism to X: if (Z, δ ′ ) is another global comodule together with a morphism p ′ : Z → X of partial comodule data (equivalently, such that (8) commutes), then there exists a unique morphism of global comodules η :
Observe that, since induced partial comodules are automatically geometric, essentially by definition, we cannot speak about globalization for a lax or a quasi partial comodule in the above sense. Thus, in this paper the globalization procedure is reserved to geometric partial comodules. Before we discuss the general situation, let us recall the globalization procedure for partial actions of groups, as it appears at several places in literature. 
Let us show briefly that Y together with the obvious projection p :
, is the coequalizer in Set of the pair 
Remark 2.10 suggests a way of constructing globalizations for partial comodules, which is the one we will adopt and analyse in this paper. From now on, assume in addition that the category C admits pullbacks and that the endofunctor − ⊗ H preserves them. Consider a partial comodule datum (X, X • H, ρ X , π X ) and the equalizer in C
With this notation, we have the following result.
and a canonical morphism of partial comodule data
Moreover, for any other global comodule (Z, δ ′ ) together with a morphism of partial comod-
which is right adjoint to the inclusion functor
Proof. Set Y := Y X and ǫ := ǫ X when X is clear from the context. In light of the working hypotheses, (Y ⊗ H, κ ⊗ H) is the equalizer of ρ X ⊗H ⊗H and (π X ⊗H ⊗H)•(X ⊗∆⊗H).
Observe that, as a consequence,
To prove that δ is coassociative and counital, recall that since − ⊗ H preserves pullbacks, it also preserves monomorphisms. Thus, from the following computations
whence ǫ is a morphism of partial comodule data. Assume therefore that we have a global comodule (Z, δ ′ ) and a morphism of partial comodule data f :
Thus,
and hence there exists a unique morphismf :
and this can be proven to be H-colinear.
Remark 2.12. Since every global comodule (Z, δ ′ ) is the equalizer of δ ′ ⊗ H and Z ⊗ ∆, the unit of the adjunction in Proposition 2.11 is the identity morphism, confirming that I ′ is fully faithful.
Recall from [18, §2.4 ] that the forgetful functor U : gPMod H → C, (X, X • H, ρ X , π X ) → X, admits a right adjoint T given by the so-called "trivial partial comodule" construction.
The following result shows an interesting relation between the trivial partial comodule and the construction from the previous proposition.
Theorem 2.13. The functor G ′ of (12) induces a functor G : gPMod H → Mod H which is right adjoint to the inclusion functor I : Mod H → gPMod H from global comodules to geometric partial ones. Moreover if U : gPMod H → C is the forgetful functor with right adjoint the trivial partial comodule functor T : C → gPMod H , then G • T ∼ = − ⊗ H, the free right comodule functor. In other words, the free-forgetful adjunction between C and Mod H factors through the category of geometric partial comodules.
Proof. Consider the inclusion functors I : Mod H → gPMod H from global comodules to geometric partial ones and I ′′ : gPMod H → PCD H from geometric partial comodules to partial comodule data. Since I ′′ is fully faithful, 
To compute G(T (V )), we have to take the equalizer Y of the morphisms
with comodule structure uniquely given by δ = V ⊗ ∆ and the proof is complete.
Remark 2.14. Resoundingly speaking, the first claim of Theorem 2.13 can be rephrased by saying that Mod H is a coreflexive subcategory of gPMod H , because it is a full subcategory whose inclusion functor admits a right adjoint. It also means that, given a geometric partial comodule X, for every global comodule (Z, δ ′ ) together with a morphism of partial comodule data f : Z → X there exists a unique morphism of H-comodulesf :
is the unit of the adjunction and the functor I is fully faithful (as one would expect).
Intuitively, one can think of the functors G ′ and G constructed in the previous propositions as a globalization construction. However, it is not a true globalization in the sense of Definition 2.9 above. Indeed, there is in general no reason why the morphism ǫ X should be an epimorphism, nor why X is induced by Y X . However, the subsequent proposition shows that, if the globalization of a partial comodule exists, then it can be realized as the construction performed in Proposition 2.11. Proposition 2.15. Assume that a geometric partial comodule structure (X, X • H, ρ X , π X ) on X has been induced by a global comodule (Z, δ Z ). Then Y X is the globalization of X in the sense of Definition 2.9. In particular, if X admits a globalization (Z, δ Z ), then Z ∼ = Y X as global comodules.
Proof. Since (Z, δ Z ) is a global comodule inducing the partial comodule structure on X, it comes with a morphism of partial comodule data p : Z → X, which is an epimorphism in C by definition. Thus, as highlighted in Remark 2.14, there exists a unique H-colinear morphismp : Z → Y X such that ǫ X •p = p and so ǫ X is an epimorphism. Furthermore, since Z p y y r r r r r r r r
and hence there exists a unique morphism h :
The previous result shows that the functor G constructs the globalization of a geometric partial comodule, if such a globalization exists. However, the following example shows that there exist geometric partial comodules that do not admit any globalization in the sense of Definition 2.9. y , x → y, is an epimorphism of algebras. Therefore, the cospan
y is a partial comodule datum in CAlg k . By repeatedly resorting to the universal properties of k[x] and k y, 1 y , it is straightforward to check that it is a geometric partial comodule. In fact, in this case one may check that
However,
cannot be a pushout diagram. Therefore, in light of Proposition 2.15, k, k y, 1 y , u, π cannot be an induced partial k[x]-comodule structure.
Let us conclude this subsection with an equivalent description of Y X . Consider a geometric partial H-comodule (X, X • H, ρ X , π X ) and the pullback of the cospan defining it:
In general, there is no reason to expect that T is an H-comodule (even if it is, for example, for C an abelian category, as we will see in §3.2), but we may still consider the "biggest" H-comodule contained in T with coaction induced by X ⊗ ∆, that is to say, the pullback
Notice that since ρ X is a monomorphism, λ is a monomorphism and hence γ is a monomorphism as well. This justify the somehow improper terminology "biggest". 
Moreover, (T ′ , δ T ′ ) ∼ = (Y X , δ) as global comodules.
Proof. By the hypotheses of the section, T ′ ⊗ H is the pullback of
To show that it is coassociative and counital one resort to the fact that γ and λ are monomorphisms to deduce from
is a morphism of partial comodule data and, by the universal property of Y X , there exists a unique morphism of global comodules τ :
The other way around, since T is the pullback of the cospan, there exists a unique σ ′ :
and hence there exists a unique σ :
we conclude that τ and σ are each other inverses.
3. Concrete instances of globalization for partial comodules 3.1. The globalization question for partial actions of monoids. Assume to work in C = Set op , the opposite of the category of sets. As we have seen in Remark 2.10, for any partial action of a group G on a set X, Y X := G(X) as constructed in §2.2 together with the injective map ǫ : X → Y X is the globalization of X (recall that we have to reverse arrows and take dual constructions). However, coalgebras in (Set op , ×, { * }) are not necessarily groups, in general: they are monoids. Therefore, let us see what happens in this case.
Observe that, explicitly, a partial comodule datum (X, m) . For the sake of simplicity, we will often write x · m := α m (x) = ρ X (x, m). With these conventions, we have
In Set, the coequalizer of the pair
is given by X, p 1 , . . . , p 2k+1 ∈ M and t 1 , . . . , t 2k such that
Proof. Recall that, by definition of the equivalence relation R generated by a relation r, (x, m)R(y, n) if and only if exists a family of elements (z 1 , p 1 ), . . . ,
It is straightforward now to check that if (x, m), (y, n) satisfy the properties in the statement, then (x, m)R(y, n).
The other way around, assume that (x, m)R(y, n). First of all, observe that r is a reflexive relation, whence if h is even, we may add a trivial relation of the form (z h , p h )r ′ (z h , p h ) to the chain to make it odd (i.e. we may assume h = 2k + 1 in (19)). Secondly, observe that r is a transitive relation.
Consider st. Then we have that
, and hence (u, a)r(w, c). Therefore we may assume that the chain (19) is of the form (x, m) = (z 1 , p 1 ), (z 2 , p 2 )r(z 1 , p 1 ), (z 2 , p 2 )r(z 3 , p 3 ), (z 4 , p 4 )r(z 3 , p 3 ), (z 4 , p 4 )r(z 5 , p 5 ), · · · · · · , (z 2k , p 2k )r(z 2k+1 , p 2k+1 ), (z 2k+1 , p 2k+1 ) = (y, n).
which can be evocatively represented as a zig-zag
It is straightforward to check that these conditions are those expressed in the statement. • (z 2 , p 2 )r(x, e) implies that t 1 p 2 = e, x ∈ X t 1 and x · t 1 = z 2 . Since also x ∈ X e = X t 1 p 2 , we have that (x, t 1 ,
Continuing inductively one shows that z i ∈ X p i for all i = 1, . . . , 2k + 1 and that
for all i = 1, . . . , k. Now, as a consequence of this latter fact and of the relations above,
and so ǫ X is injective. Secondly, we have to check that the following
is a pullback square. Notice that the pullback of the two upper arrows is
with the canonical injection as left leg and (y, n) → ǫ −1 X ([y, n]) as right leg. However, the same argument as in the first part of the proof allows to conclude that if [x, e] = [y, n] then y ∈ X n and x = y · n. Therefore, (20) is in fact a pullback and the proof is complete. • Y X is a set together with a global action δ :
morphism of partial actions and an injective map;
• for any other global M-module (Z, δ Z ) together with a morphism j : X → Z such that j is a morphism of partial actions, there exists a unique morphism τ :
• Y X is the β-orbit of ǫ X (X), in the sense that Y X = m∈M β m (ǫ X (X)).
The only difference with respect to [9, Definition 4.1] is condition (GL3), asking that for every m ∈ M one has ϕ(X m ) = ϕ(X) ∩ δ g (ϕ(X)). In the present case, it has been substituted by the requirement that
is a pullback square. Notice that the last substitution is justified in light of the subsequent Lemma 3.4.
Lemma 3.4.
Let G be a group, (X, G • X, α X , ι X ) be a partial action of G on a set X (as in [18, §1.3] ), Y a G-set with global action β : G → Bij(Y ) and ϕ : X → Y an injective map. Then, for all g ∈ G we have that ϕ(X g ) = ϕ(X) ∩ β g (ϕ(X)) if and only if
is a pullback square.
Proof. Recall that (21) is a pullback if and only if
Denote by U the right hand member of (22) . Assume first that ϕ(X g ) = ϕ(X) ∩ β g (ϕ(X)) holds for all g ∈ G and let us show that G • X = U. If (g, x) ∈ U then ϕ(x) = β g −1 (ϕ(y)) ∈ β g −1 (ϕ(X)), whence ϕ(x) ∈ ϕ(X) ∩ β g −1 (ϕ(X)) = ϕ (X g −1 ) and so, by injectivity of ϕ, x ∈ X g −1 . Therefore (g, x) ∈ G • X and we showed that U ⊆ G • X. The other way around, if (g, x) ∈ G • X then x ∈ X g −1 and hence ϕ(x) ∈ ϕ (X g −1 ) = ϕ(X) ∩ β g −1 (ϕ(X)). Thus, there exists y ∈ X such that ϕ(x) = β g −1 (ϕ(y)), which implies that β g (ϕ(x)) = ϕ(y) and so (g, x) ∈ U. Conversely, assume that G • X = U. If x ∈ X g , then (g −1 , x) ∈ G • X = U and hence β g −1 ϕ(x) = ϕ(y) for some y ∈ X. The latter entails that ϕ(x) = β g (ϕ(y)) ∈ ϕ(X) ∩ β g (ϕ(X)) and so ϕ(X g ) ⊆ ϕ(X) ∩ β g (ϕ(X)). The other way around, if ϕ(x) ∈ β g (ϕ(X)) then β g −1 (ϕ(x)) = ϕ(y) for some y ∈ X and so (g −1 , x) ∈ U = G • X. Therefore, x ∈ X g and hence ϕ(X) ∩ β g (ϕ(X)) ⊆ ϕ(X g ).
The globalization question over abelian categories.
Assume that C is an abelian category, such as the category of modules over a commutative ring, and that (X, X • H, ρ X , π X ) is a geometric partial comodule over a coalgebra H. We are going to show that, in this particular case, Y constructed as in §2.2 is isomorphic to the pullback of the
and hence it is the globalization of X in the sense of Definition 2.9. We will implicitly resort to techniques and results that are proper of the abelian category setting and that we collected in Appendix A, for the sake of the reader.
By applying T ((X • ε) ⊗ H) to both sides of the last equality one sees that it should be v = 0 and hence
which amounts to say that
has to hold in C, which is (c). Finally, assume that (c) holds and recall that (23) is also a pushout square (see Lemma A.1). We want to construct an isomorphism θ : (X • H) • H ∼ = X • (H • H). By pasting (23) with (3), we see that the following is a pushout square
while pasting (23) with (2) gives a pushout square
by the universal property of the pushout there exists a unique morphism θ :
The other way around, since
Since both π X•H and π ′ X,∆ are epimorphisms, ϑ is the inverse of θ.
Assume that (X, X • H, ρ X , π X ) is a geometric partial H-comodule in C. For the sake of simplicity we will write X • H • H to mean any of the isomorphic objects Θ, (X • H) • H and X • (H • H) and we will identify π X•H with θ • π ′ X,∆ . Theorem 3.6. For a geometric partial H-comodule (X, X • H, ρ X , π X ) in C an abelian category, the global comodule (Y, δ) constructed as in §2.2 satisfies the following properties.
(a) Y is the pullback of the cospan defining (X, X • H, ρ X , π X );
is the globalization of X in the sense of Definition 2.9.
Proof. Consider the pullback T
In light of (c) of 
is a pushout square, making of Y the globalization as claimed.
3.3. The globalization question for partial comodule algebras. Let k be a commutative ring. Recall that the tensor product of two k-algebras is a k-algebra with multiplication component-wise.
Definition 3.7 ([12] ). A (right) partial comodule algebra over a bialgebra H is an algebra A together with a k-linear map δ A : A → A ⊗ H, a → a [0] ⊗ a [1] such that [1] b [1] ; [1] (1) ⊗ a [1] (2) . (1) 
It has been shown in [18, Example 4.9 ] that any partial comodule algebra over H in the sense of Definition 3.7 is a geometric partial comodule in the category Alg k . Briefly, set (1) In [12] , 1 [0] ⊗ 1 [1] appears on the right: [1] (1) 1 [1] ⊗ a [1] (2) . Here we are resorting to the convention used in [4] , for the sake of consistency with what follows. This change of side is harmless. e := δ A (1 A ) = 1 [0] ⊗ 1 [1] ∈ A ⊗ H and e ′ := 1 A⊗H − e. They are orthogonal idempotents. Consider the canonical projections
where e ′ = (A ⊗ H)e ′ (A ⊗ H) is the ideal generated by e ′ , and
Setting A • H := A ⊗ H/ e ′ and ρ A := π A • δ A (31) provides a geometric partial comodule structure on A in the category of k-algebras.
Therefore, we can consider the equalizer (Y, κ) of ρ A ⊗ H and (π A ⊗ H) • (A ⊗ ∆) in Alg k . It is important to notice that it coincides with the equalizer computed in Mod k . Proof. In light of (29), the k-linear map δ A satisfies
As a consequence, there exists a unique k-linear morphism ϑ :
= ǫ A • ϑ, so that ǫ A is surjective. We are left to check
In Alg k this pushout is given by A ⊗ H/ κ (ker(ǫ A )) . On the one hand, since π A • κ = ρ A • ǫ A , we have that κ (ker(ǫ A )) ⊆ e ′ and so κ (ker(ǫ A )) ⊆ e ′ . On the other hand, since
, we have that 1 A⊗H ∈ Y and so e ′ ∈ Y as well. Moreover, by applying X • ε on both sides of ρ A ǫ A (e ′ ) = π A κ(e ′ ) = 0 we find that ǫ A (e ′ ) = 0 and so e ′ ∈ κ (ker(ǫ A )). As a consequence, e ′ ⊆ κ (ker(ǫ A )) and the proof is complete.
Let us remark that our globalization for partial comodule algebras does not coincide with the enveloping coaction introduced in [4, Definition 6] . The globalization of the present paper is intended to satisfy a different universal property with respect to the construction in [4] and the subsequent Examples 3.10 and 3.11 show that, in general, the two are different. Therefore, Proposition 3.8 is not a rephrasing of [4, Theorem 4] . Example 3.9 ([4, Example 1]). Let G be a finite group and k a field. If N is a normal subgroup of G and char(k) ∤ |N|, then t = 1 |N | n∈N n ∈ kN is a central idempotent in H := kG. Notice moreover that t is an integral in kN, in the sense that
Let A := t kG be the (unital) ideal generated by t and consider the partial kG-coaction on A given by
In this case,
In order to construct the globalization of A, let us start by choosing a family {g i | i = 1, . . . , o} of representatives of the right cosets of N in G (i.e. G = o i=1 Ng i ) and by showing that {tg i | i = 1, . . . , o} forms a basis of A. On the one hand, a generic element in A is of the form
and so {tg i | i = 1, . . . , o} generates A. To prove that they are also linearly independent, assume that o i=1 d i tg i = 0 for some coefficients d i ∈ k. This means that the element o i=1 d i g i ∈ kG lives in the kernel of the projection p : kG → kN, h → th, which is
Since the g's form a basis of kG, the last equality entails that
From the second relation of (34) it follows that
Thanks to what we have just proved, a generic element in A ⊗ H is of the form
then tg = tg i , and if g ∈ Ng j , then tg i = tg j , which implies i = j. Summing up, z ∈ Y if and only if c i,g = 0 only for g ∈ Ng i , that is to say, Y = span k {tg ⊗ g | g ∈ G} as in [4] . 
Notice that
Conversely,
are all in e ′ and hence e ′ = A ⊗ ker(ε) and A • H ∼ = A via A ⊗ ε. As before, this leads to conclude that Y = A ⊗ H, which strictly contains the enveloping coaction of [4] again.
Recall that an enveloping coaction for A in the sense of [4] is a comodule algebra (B, δ B ) together with an algebra monomorphism θ : A → B such that ⊗ θ(a) [1] ,
for all a ∈ A, where δ B (b) =: b [0] ⊗ b [1] . Set e := θ(1 A ). One may check that θ(A) = eB. Consider the projection of algebras p : B → A, b → θ −1 (eb). In general, the following holds. Proof. Consider the geometric partial comodule associated with A:
= p θ(1 A ) [0] ⊗ θ(1 A ) [1] = ee [0] ⊗ e [1] and hence π A ee [0] ⊗ e [1] = π A (δ A (1 A )) = π A (1 A ⊗ 1 H ). Therefore,
= π A θ(1 A )θ(θ −1 (eb)) [0] ⊗ θ(θ −1 (eb)) [1] = π A ee [0] b [0] ⊗ e [1] b [1] = π A ee [0] ⊗ e [1] π A eb [0] ⊗ b [1] 
We want to show that ǫ A • (κ ′ ) −1 • σ = p, because in such a case, by uniqueness, j = (κ ′ ) −1 • σ, which is injective. Observe that
whence we are left to prove that p = (A ⊗ ε) • i ′ . In light of [4, Lemma 1], B is the subalgebra of A ⊗ H generated by the subcomodule H * ⇀ δ A (A) (we refer to [4] for the notations). In particular, an element b ∈ B is of the form
· · · a i,n i [0] ⊗ a i,n i [1] (1) ϕ i,n i a i,n i [1] (2)
where {ϕ i,j | i = 1, . . . , t, j = 1, . . . , n i } ⊆ H * , {a i,j | i = 1, . . . , t, j = 1, . . . , n i } ⊆ A and a [0] ⊗ a [1] := δ A (a), h (1) ⊗ h (2) := ∆(h). Therefore,
· · · a i,n i [0] ϕ i,n i a i,n i
where ( * ) follows from the fact that if b = b 1 b 2 · · · b s , then eb = e(b 1 b 2 · · · b s ) = (eb 1 )b 2 · · · b s = (eb 1 )(eb 2 ) · · · (eb s ) because e is the unit of eB. As a consequence, p(b) = δ −1 A (eb) = (A ⊗ ε)i ′ (b) for all b ∈ B and the proof is complete.
Appendix A. Abelian categories and diagram chasing
The following is a summary of the results we used to deal with the abelian categories case in §3.2, for the sake of the unaccustomed reader. 
